. Recent evidence for a chaotic resonance transition (change in resonance pattern, see below)
Numerical solutions 1 for the solar system's orbital motion provide Earth's orbital parameters in the past, widely used to date geologic records and investigate Earth's paleoclimate [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The solar system's chaoticity imposes an apparently firm limit of ∼50 Ma on identifying a unique orbital solution, as small differences in initial conditions/parameters cause astronomical solutions to diverge around that age (Lyapunov time ∼5 Myr, see Supplementary Materials) [4, 6, 12, 13] . Recent evidence for a chaotic resonance transition (change in resonance pattern, see below)
in the Cretaceous (Libsack record) [9] confirms the solar system's chaoticity but, unfortunately, does not provide constraints to identify a unique astronomical solution.
The unconstrained interval between the Libsack record (90-83 Ma) and 50 Ma is too large a gap, allowing chaos to drive the solutions apart (see Supplementary Materials). Thus, proper geologic data around 60-50 Ma is essential to select a specific astronomical solution and, conversely, the astronomical solution is essential to extend the astronomically calibrated time scale beyond 50 Ma.
We analyzed color reflectance data (a * , red-to-green spectrum) [7, 8] at Ocean Drilling Program (ODP) Site 1262 (see Supplementary Materials); a * -1262 for short, a proxy for changes in lithology [7] . The related Fe-intensity proxy [8] gives nearly identical results (Fig. S4) . We focus on the section ∼170-110 m (∼58-53 Ma), which exhibits a remarkable expression of eccentricity cycles at Site 1262 (refs. 7, 8, 10, 14, 15) , less so in the preceding (older) section. Our focus interval includes the PETM and Eocene Thermal Maximum 2 (ETM2), extreme global warming events (hyperthermals), considered the best paleo-analogs for the climate response to anthropogenic carbon release [16] [17] [18] . The PETM's trigger mechanism and duration remains highly debated [19] [20] [21] . Thus, in addition to geological and astronomical implications, unraveling the chronology of events in our studied interval is critical for understanding Earth's past and future climate.
We developed a simple floating chronology, attempting to use a minimum number of assumptions (see Supplementary Materials). We initially employed a uniform sedimentation rate throughout the section (except for the PETM) and a root mean square deviation (RMSD) optimization routine to derive ages (for final age model and difference from previous work, see Supplementary Materials). No additional tuning, wiggle-matching, or pre-existing age model was applied to the data. Using our floating chronology, the best fit between the filtered and normalized data target a * * (a-double-star, Fig. 1 ) and a given astronomical solution was obtained through minimizing the RMSD between record and solution by shifting a * * along the time axis (offset τ) over a time interval of ±200 kyr, with ETM2 centered around 54 Ma (see Supplementary Materials). Before applying the minimization, both a * * and the solution were demeaned, linearly detrended, and normalized to their respective standard deviation (Fig. 1 ).
It turned out that one additional step was necessary for a meaningful comparison between a * * and astronomical solutions. Relative to all solutions tested here, a * * was consistently offset (shifted towards the PETM after optimizing τ) by ∼one short eccentricity cycle for ages either younger (some solutions) or older than the PETM (other solutions). The consistent offset relative to the PETM suggests that the condensed PETM interval in the data record is the culprit, for which we applied a correction, also obtained through optimization. At Site 1262, the PETM is marked by a ∼16 cm clay layer (<1-wt% CaCO 3 ), largely due to dissolution and some erosion across the interval [16, 22] , although erosion of Paleocene (pre-PETM) sediment alone can not account for the offset of ∼one short eccentricity cycle (see Supplementary Materials). Sedimentation rates were hence nonuniform across the PETM interval [8, 10, 16] and primary lithologic cycles from variations in CaCO 3 content are not preserved within the clay layer. Thus, we corrected the condensed interval by stretching a total of k grid points across the PETM by ∆z for a total length of ∆L = k∆z and included k as a second parameter in our optimization routine (see Fig. 1 ). Essentially, the correction for the reduction/gap in carbonate sedimentation across the PETM is determined by the entire record, except the PETM itself (see Supplementary Materials). In summary, we minimized the RMSD between data target and solution by a stretch-shift operation, i.e., we simultaneously optimized the number of stretched PETM grid points (k) and the overall time shift (τ) between floating chronology and solution.
Our new astronomical solution ZB18a (computations build on our earlier work [6, 23, 24] , see Supplementary Materials) agrees exceptionally well with the final a * * record (Fig. 1b) and has the lowest RMSD of all 18 solutions published to date that cover the interval ( Table 1 ). The 18 solutions were computed by multiple investigators, representing different solution classes due to initial conditions, parameters, etc. (see Sections S6, S7). Based on ZB18a, we provide a new astronomically calibrated age model to 58 Ma (see Fig. 1b and Supplementary Materials) and a revised age for the P/E boundary (PEB) of 56.01 ± 0.05 Ma (see Supplementary Materials for errors). Our PEB age differs from previous ages [8, [25] [26] [27] but is close to approximate estimates from 405-kyr cycle counting across the Paleocene [28] (see Supplementary Materials).
Contrary to current thinking [8, 14, 20, 27, 29] , the PETM onset therefore occurred temporally near, not distant, to a 405-kyr maximum in Earth's orbital eccentricity (Fig. 1, cf. also ref. 10) . As for ETM2 and successive early Eocene hyperthermals [7, 29, 30] , this suggests an orbital trigger for the PETM, given theoretical grounding and extensive, robust observational evidence for eccentricity controls on Earth's climate [2, 7-10, 14, 20, 26-32] . Note, however, that the onset does not necessarily coincide with a 100-kyr eccentricity maximum (see below). Our analysis also provides an independent PETM main phase duration of 170±30 kyr from onset to recovery inflection (for tie points, see Fig. S6 and Supplementary Materials). This duration might be an underestimate, given that sedimentation rates increased during the PETM recovery (compacting the recovery would require additional stretching of the main phase). Our duration is significantly longer than 94 kyr (ref. 34 24 kyr) [21] and is consistent with >8 cycles in Si/Fe ratios at Zumaia [31] , which, we suggest, are full (not half) precession cycles.
If high orbital eccentricity (e) also contributed to the long PETM duration (e ≃ 0.025 − 0.044 during PETM), then the potential for prolonged future warming from eccentricity is reduced due to its currently low values (e ≃ 0.0024 − 0.0167 during next 100 kyr). A similar argument may hold for eccentricity-related PETM trigger mechanisms. The PETM occurred superimposed on a long-term, multimillion year, warming trend [7, 30] . Our solution ZB18a shows a 405-kyr eccentricity maximum around the PETM but reduced 100-kyr variability (Fig. 1b) . Eccentricity in ZB18a remained high prior to the PETM for one short eccentricity cycle (Fig. 1b, arrow), suggesting the combination of orbital configuration and background warming [30, 32] forced the Earth system across a threshold, resulting in the PETM.
While similar thresholds may exist in the modern Earth system, the current orbital configuration (lower e) and background climate (Quaternary/Holocene) are different from 56 million years ago. None of the above, however, will directly mitigate future warming and is therefore no reason to downplay anthropogenic carbon emissions and climate change.
Our astronomical solution ZB18a shows a chaotic resonance transition (change in resonance pattern) [33] at ∼50 Ma, visualized by wavelet analysis [34] of the classical variables:
where e, I, ̟, and Ω are eccentricity, inclination, longitude of perihelion, and longitude of ascending node of Earth's orbit, respectively ( Table 1 ) used the INPOP08 ephemeris, considered less accurate than the more recent INPOP10 used for La11 [13] . Yet, La10c fits the geologic data better than La11 (Table 1 and ref. (27)).
The resonance transition in ZB18a is an unmistakable manifestation of chaos and also key to distinguishing between different solutions before ∼50 Ma, e.g., using the g 4 − g 3 term. This term modulates the amplitude of eccentricity and, e.g., the interval between consecutive minima in a 2-Myr filter of eccentricity (Fig. 3) . Other solutions such as La10c [33] also show a resonance transition around 50 Ma. However, the pattern for ZB18a is different prior to 55 Ma, which is critical for its better fit with the data record from 58-53 Ma (smaller RMSD, see Table 1 , Fig. 1 ). For example, P 43 ≃ 2 and ∼1.6 Myr at ∼59 and ∼56 Ma in La10c but is rather stable at ∼1.5-1.6 Myr across this interval in ZB18a. Briefly, to explain the geologic record, our astronomical solution requires that the solar system is (a) chaotic and (b) underwent a specific resonance transition pattern between ∼60-50 Myr BP. Interval between min in 2-Myr ecc filter (Myr) R e s o n a n c e T r a n s i t i o n ZB18a ZB17b La10c 
